This article presents the derivation and validation of a low order model for the non-linear dynamics of cross-ply bi-stable composite plates focusing on the response of one stable state. The Rayleigh-Ritz method is used to solve the associated linear problem to obtain valuable theoretical insight into how to formulate an approximate non-linear dynamic model. This allows us to follow a Galerkin approach projecting the solution of the non-linear problem onto the mode shapes of the linear problem. The order of the non-linear model is reduced using theoretical results from the linear solution yielding a low order model. The dynamic response of a bi-stable plate specimen is studied to simplify the model further by only keeping the non-linear terms leading to observed oscillations. Simulations for the dynamic response using the derived model are presented showing excellent agreement with the experimentally observed behaviour. Additionally, deflection shapes are measured and compared with the calculated mode shapes, showing good agreement.
Introduction
Structures made from composite laminates are becoming increasingly important in a wide variety of applications including adaptive structures. Promising developments in this field relate to curved composite laminates that have multiple statically stable shapes (Hyer, 1981 (Hyer, , 1982 . These shapes result from an unsymmetric stacking sequence leading to asymmetric residual thermal stresses being induced during the curing process (Schlecht and Schulte, 1999) . The transition between stable states is achieved by a snap-through mechanism, which is strongly non-linear in nature (Sokorin and Terentiev, 1998) . Due to the property of multi-stability, these materials have been considered for use in a range of adaptive structures, particularly for morphing aerospace structures (Schultz and Hyer, 2003) . Recently, techniques to design the induced thermal stresses have allowed the production of a wide range of desired stable shapes (Potter and Weaver, 2004) , and aerospace applications using the designed morphing capabilities have been proposed (Diaconu et al., 2008) .
Most of the studies on bi-stable composite laminates for morphing applications have focused on modelling the shape after the manufacturing process and their static characteristics (Dano and Hyer, 2002; Hufenbach et al., 2002) . More specifically, these studies have focused on the identification of the stiffness characteristics (Giddings et al., 2008; Mattioni et al., 2008) , and the static load required to induce a snap-through (Dano and Hyer, 2003; Potter et al., 2006; Schultz et al., 2006) . However, the operating conditions of aerospace morphing applications will inevitably expose these composite structures to high levels of dynamic excitation, for example, in an aeroelastic environment. Potentially, dynamic excitations could induce undesired sudden jumps between stable states or even early fatigue failure to the structure. However, to date, very little work has been carried out to examine the dynamics of bi-stable composites. A theoretical study of the dynamics of snap-through in bi-stable composites has been conducted earlier (Diaconu et al., 2009) . It compared a semi-analytical model for the deflection of bi-stable composites based on a strain energy approximation with finite element analysis results, showing good agreement for the force required to trigger snap-through. Experimentally, high-amplitude oscillations of a bistable plate, showing indications of chaotic oscillations across the snap-through region, have been presented (Arrieta et al., 2007) . In addition, the non-linear dynamic response of a single stable state of a bi-stable composite plate was experimentally studied showing that the response is dominated by 1/2 subharmonic oscillations .
The purpose of this article is to derive a simple low order model for the dynamic response of cross-ply bistable composite plates confined to one stable state. Important dynamic features include subharmonic resonances, which have previously been observed in nonlinear vibration of flat composite plates (Nayfeh and Mook, 1979) , as they can lead to catastrophic failure of aerospace structures (Lefschetz, 1956; von Ka´rma´n, 1940) , and the transverse vibration mode shapes. Modal frequencies and mode shapes are obtained following a Rayleigh-Ritz approach for the associated linear problem showing good agreement with experimental results. The Rayleigh-Ritz method has been employed to obtain analytical expressions for the mode shapes in previous theoretical studies on cylindrical isotropic shells (Leissa and Narita, 1984) , point-supported plates (Liew and Lam, 1994) , and orthotropic plates (Hurlebaus et al., 2002) . Experimental studies on the deflection of circular (Thomas et al., 2003) and spherical isotropic plates (Thomas et al., 2007) can be found in the literature. However, few studies comparing experimental deflection shapes with theoretical mode shapes were found in the literature (Thomas et al., 2007) . To the knowledge of the authors, no comparison between theoretical mode shapes and experimental deflection shapes for bistable composites has been presented. A good understanding of the deflection shape of such structures is paramount in the successful implementation of morphing and vibration suppression control for structures incorporating bi-stable composite. The non-linear problem is approximated by following a Galerkin procedure projecting the solution onto the mode shapes of the linear problem obtaining a set of non-linear modal equations. Theoretical observations from the linear solution show close agreement between the chosen shape functions and the mode shapes obtained from the associated linear problem allowing to reduce the order of the nonlinear model. An experimental characterisation is conducted for the linear and non-linear response of a square carbon-fibre epoxy bi-stable plate ½0 4 À 90 4 T test specimen showing very close agreement with the theoretical observations. In addition, this characterisation is used to retain the relevant non-linear terms in the modal non-linear equations of the low order model.
A validation of the model is conducted by comparing simulated results for the key dynamic features of the response with experimental results.
The layout of the article is as follows: First, the Rayleigh-Ritz method is employed to obtain modal frequencies, and mode shapes for the associated linear undamped shell vibration problem in section 'Model Derivation'. The equations of motion for transverse displacement vibrations of bi-stable plates are derived using Love's equations of motion for a shell including the von Ka´rma´n non-linearity in the straindisplacement relations to account for geometric nonlinearities (Nayfeh and Pai, 2004) . The Galerkin approach is followed to obtain a set of non-linear ordinary differential equations using the shape functions employed for the linear solution as a base for the expansion of the transverse displacement non-linear solution. In section 'Dynamic Response' experimental results are shown highlighting the main characteristics of the time response for the tested specimen. Observations are used to reduce the number of degrees of freedom and the required non-linear terms to be kept in the equations to obtain a good loworder approximation for the dynamics of the plate, as described in 'Low Order Model Formulation'. Simulations for frequency response diagrams are presented in section 'Simulations and Model Validation' showing good agreement with the experimental results, validating the derived model. In section 'Spatial Response Comparison', the obtained mode shapes are compared to measured deflection shapes for the bi-stable plate specimen. In addition, the deflection shapes for subharmonic oscillations are studied revealing a non-linear behaviour in the spatial response. Finally, the findings of the study are summarised and conclusions are presented.
Model Derivation
Classical non-linear shell theory is employed to study the dynamics of bi-stable composites. Typical bi-stable composites are thin-walled shells having a small rise-tospan ratio, thus the principal curvatures are small as shown in Figure 1 . Practically, this implies that Cartesian coordinates x and y may be selected as the curvilinear coordinates for the middle surface of bistable composites, thus adopting shallow shell theory is possible (Ventsel and Krauthammer, 2001 ). In the derivation of the model, first the associated linear problem is solved with the Rayleigh-Ritz method, allowing us to obtain mode shapes for the reduced non-linear problem, as well as for comparison with experimentally measured deflection shapes. Second, a Galerkin procedure to approximate the solution of the non-linear problem is conducted, using the same shape functions as for the Rayleigh-Ritz method to obtain non-linear modal equations for the time response of cross-ply bistable composites.
Linear Formulation
The Rayleigh-Ritz method is employed to solve the undamped linear problem (Hagedorn and DasGupta, 2007) . These results provide valuable theoretical insight used to approximate the solution of the more complex non-linear problem. Following a variational formulation, the Lagrangian L for unsymmetrically laminated shell is given by:
where T and V are the kinetic and total strain energies, respectively. The kinetic energy is:
where r is the density, h is the thickness of the shell, and the overdot ( : ) symbol implies differentiation with respect to time. The strain energy of the bi-stable plate is written as follows: 
where N ij and M ij are the membrane forces and bending moments, respectively, and L x and L y are the dimensions of the shell (see Figure 1) . The membrane and bending strains, e o and k, respectively, are given by:
and
where the radii of curvature in the x -and y -directions are R x and R y , respectively, as shown in Figure 1 . The membrane and bending strains are related to membrane forces and bending moments by the constitutive relations for an unsymetrically laminated shallow composite shell (Tsai and Hahn, 1980) , as:
where A ij , B ij , and D ij represent the membrane stiffnesses, coupling moduli, and the bending stiffnesses of coordinate i acting on the direction j, respectively, and u(x, y, t), v(x, y, t), and w(x, y, t) are the displacements in the x, y, and z coordinate directions, respectively. An additional term in the strain energy is introduced to account for the considered elastic support to which the bi-stable plate may be attached, given by:
where k x , k y , and k z are the elastic constants of the support in x -, y -, and z -directions (Liew and Lam, 1994) . The total strain energy is thus:
The types of shells studied herein have unconstrained edges, that is, free boundary conditions. Thus, no restrictions are placed on the admissible functions (shape functions) for the Rayleigh-Ritz procedure, as no geometric boundary conditions need to be satisfied. The solutions for the displacements along each coordinate direction are represented by the expansions: Figure 1 . Curvilinear coordinates (x, y) and shell displacements u(x, y, t), y(x, y, t), and w(x, y, t).
v(x, y, t) =
w(x, y, t) =
where U ij (t), V ij (t), and W ij (t) are time response coefficients to be determined, u ij (x, y), v ij (x, y), and w ij (x, y) are the shape functions on each coordinate direction, and M = 4I + 1 and N = 4J + 1 give the total number of shape functions on each expansion as M3N . Notice that the above given shape functions used to represent the displacements are all the possible non-zero combinations of sinusoidal functions. In addition to the constant term given by subscripts i = 0 and j = 0, the added term in M = 4I + 1 and N = 4J + 1 accounts for the constants obtained from the cosine terms cos (0) multiplied by all the possible sine functions in each displacement direction. See appendix A for a complete list of symbols. Substituting Equations (9)-(11) in Equation (1), and using Lagrange's equations (Meirovitch, 1970) :
where the generalised coordinates q i are the time response coefficients forming the vector q = ½U ij (t),
T , the equations of motion for the linear problem are obtained by substituting q = ke ivt in Equation (12), yielding:
The elements of the matrices M and K are given in Appendix B. The eigenvalues and eigenvectors of Equation (13) are used for comparison to experimentally measured modal frequencies and deflection shapes. Furthermore, the eigenvalues of Equation (13) serve as upper bounds for the modal frequencies in the design of bi-stable composites. Table 1 gives the modal frequencies of the first modes obtained from Equation (13) for the case where a square bistable composite plate is not attached to an elastic support. The associated mode shapes (deformed shapes) are shown with respect to the undeformed 
Non-Linear Analysis
To study the non-linear response of bi-stable composites, the classical non-linear shallow shell vibration theory is followed. This takes into account the effect due to the curvature and the stretching of the middle surface captured by the von Ka´rma´n geometric non-linearity in the strain-displacement relations (Amabili, 2008) , given by
The focus of the model is on the transverse deflection of bi-stable plates, thus the in-plane inertias are neglected in the derivation (Vlasov, 1951) . Due to the coupling in the strain-displacement relations between in-plane and transverse displacements, a second independent compatibility equation is sought to obtain a complete set of equations. In this approach, the inplane displacements are related to the membrane forces through Airy's stress function f(x, y, t) and the strain-displacement definitions (Nowacki, 1963) . Thus, the system of non-linear partial differential equations is simplified from three equations, one for the displacement in each coordinate direction, to two, one for the transverse displacement and one compatibility equation. Based on the constitutive relations given in Equation (6) and the aforementioned simplifications, the governing equation for the transverse displacement for a cross-ply unsymmetrically laminated bi-stable composite is given by (Chia, 1980) here:
where C is the viscous damping, h is the thickness, r the density of the plate, k z is the stiffness of a support to which the plate may be attached, and p(x, y, t) is the external excitation. For a detailed derivation, see, for example, Wagg and Neild (2009). The coefficients P ij are given by:
The compatibility equation is obtained from the elasticity relations for a body subject to a state of plane stress (Nayfeh and Pai, 2004) , and may be written as follows:
where Airy's stress function f(x, y, t) is defined by:
Equations (15) and (18) govern the dynamics of the transverse displacement of the bi-stable composite confined to one stable state, thus, no changes between stable states or snap-through are accounted for. These equations are solved using a Galerkin approach, as outlined in Chia (1980) . Both the transverse displacement w(x, y, t) and the stress function f(x, y, t) are defined in the same domain and, therefore, it is assumed that they can be expanded in the same shape functions w (i, j) (x, y). This is exact, for the case of a simply supported plate with homogeneous material properties subject to small deflections (Leissa, 1971) . For the case being considered here, this is an approximation due to the coupling between in-plane and transverse deflections caused by the curvature and unsymmetrical lamination. However, for shallow shells, this approximation yields very good results (Soedel, 2004) . Therefore, the solutions for the transverse displacement and stress functions are written as:
where w ij (x, y) is the shape function given in Equation (11), and W (i, j) (t) and F (m, n) (t) are the displacement and stress function time response coefficients for shape function (i, j) and (m, n), the parenthesis in the equations for time responses W (i, j) (t) and F (m, n) (t) is dropped for clarity. Note that the first term in Equation (20), i, j = 0, corresponds to a purely rigid body translation of the bi-stable plate in the out-ofplane direction, given by the term cos
in Equation (11). In addition to this rigid body mode, rotational rigid body modes with respect to the inplane directions also result in out-of-plane displacements of the bi-stable plate. For the case where the studied composite is attached to an elastic support as the one described in Equation (7), these rigid body modes will have a non-zero modal frequency. It is assumed that the torsional rigidity of the support is large, thus, only the translational mode (S, S) w 0 is considered in the derivation neglecting the rotational modes (0, 0) x , (0, 0) y , and (0, 0) z .
In order to obtain a solution for the transverse displacement, the expansions for the transverse displacement and the stress function, Equations (20) and (21), are substituted in the governing equations given by Equations (15) and (18) to obtain:
where fg * and fg 0 indicate differentiation with respect to x and y, respectively, and the summation indices m, n have been used for f, and i, j, and p, q for the cases where w is multiplied by another w term. Following the Galerkin procedure, a set of modal non-linear equations is obtained by projecting the solution onto shape functions given in Equation (11), leading to a system of two coupled non-linear equations of dimension 2 (N 3N) each. This is achieved by multiplying Equation (22) by arbitrary shape functions w (a, b) and Equation (23) by arbitrary shape functions w (m, n) , integrating over the surface of the shell and using the orthogonality conditions of the shape functions, given in Appendix B, to obtain:
where ½G, ½H, ½N , ½T , ½G, ½P, and ½J are coefficients depending on the mode shapes, Q ab is the modal participation factor for mode (a, b) due to the external forcing, K z ab is the stiffness term due to the elastic support in the z -direction, and v ab, plate and z ab, plate are the natural frequency and damping ratio without including the curvature effect for mode (a, b). The definitions of the coefficients multiplying the time response functions for the deflection W and stress function F in Equations (22) and (23) are given in Appendix C. Notice that since the shape functions for both the transverse displacement and the stress functions are sinusoidal functions, the stress function time response is decoupled from the transverse displacement in Equation (25). This allows us to decouple the system of equations and write the governing equation of motion for the transverse displacement by substituting the expressions for F (m, n) in Equation (24) as:
where v ab and z ab are the natural frequency and damping ratio including the curvature effects, accounted by term ½G ab À1 ½G ab + ½J ab ð Þ½ H ab + ½N ab ð Þ , for mode (a, b). Equation (26) 
Dynamic Response
The dynamics of a test specimen are experimentally studied to identify the existence of important non-linear phenomena in the response of the bi-stable plate following the procedure detailed in Arrieta et al. (2009) . These results allow for identifying non-linear oscillations of the tested plate as well as to validate the derived model, as detailed in the forthcoming section 'Simulations and Model Validation'. A bi-stable composite plate with unsymmetric stacking sequence ½0 4 À 90 4 T and dimension 300 3 300 mm is used as the specimen for this study. It is worth mentioning that other specimens having different dimensions and stacking sequences, ½0 4 À 90 4 T and dimension 320 3 320 mm and ½0 2 À 90 2 T and dimension 200 3 200 mm were tested showing qualitatively similar dynamic behaviour to the specimen used throughout this article rendering the presented results general. The radii of curvature of the tested specimen R x and R y are 0.9 and 10 m, respectively. The material properties of the specimen are given in Table 2 . A schematic diagram of the plate in the stable configuration studied throughout this article is shown in Figure 3 . In this state, the x -and y -directions are aligned with the larger and smaller curvatures of the plate, that is, with the directions of principal curvature. The measured points P x and P y lie just off lines crossing at centre of the plate parallel to the x -and y -directions, as shown in Figure 3 . The experimental assembly showing both stable states of the bistable plate is shown in Figure 4 . The plate is mounted to an electromechanical shaker from its centre point and the edges are unrestrained, resulting in a plate with free boundary conditions attached to an elastic support.
Frequency response functions (FRFs; Ewins, 2000) are obtained to study the low-amplitude response of the specimen in the frequency range of interest for this work. This is chosen because it contains the frequencies for which snap-through is achieved with less actuation effort (Arrieta et al., 2010) . The FRF for point P x for a low forcing amplitude of 1 N shows a linear response for this low level of excitation in Figure 5 . Three modes dominate the response of the specimen in this frequency range: mode w 1 at 17.6 Hz, mode w 2 at 19.4 Hz, and mode w 3 at 45.4 Hz. Comparing the obtained theoretical modal frequencies with the experimental results, it is observed that modes w 2 and w 3 correspond to ) and experimental modes (e.g., w 1 ) will be used throughout this article. The frequency of mode w 1 does not relate to theoretical flexible modes, therefore it corresponds to a rigid body mode of the plate. In this case, the modal frequency is not zero as the plate is attached to an elastic support. This effect is taken into account by introducing a non-zero stiffness in the out-of-plane direction, k z , in Equation (7), the remaining elastic constants k x and k y are zero.
In order to identify non-linear oscillations, the forcing amplitude is increased and experimental frequency response diagrams are obtained using a stroboscopic sampling procedure detailed in Arrieta et al. (2009) . These diagrams are obtained with single harmonic constant force stepped input sweeps. Peak-to-peak amplitudes of response are sampled over several consecutive forcing periods of steady state motions and plotted using the forcing frequency as parameter. For a linear response, a single amplitude value is sampled for consecutive periods for a given forcing frequency. Conversely, several points for a given frequency indicate the presence of multiple harmonics in the response signalling non-linear oscillations. The experimental frequency response diagram measured at point P x for an input force amplitude of 5 N is shown in Figure 6 . The response is qualitatively similar to that observed in the linear FRF in Figure 5 , except for the regions around 35 Hz and 39 Hz. The multiple points per forcing frequency shown in the experimental frequency response diagram in Figure 6 indicate the appearance of non-linear oscillations for these frequency ranges. presented in Figure 7 (a) for a forcing frequency of 34.4 Hz, we observe a non-sinusoidal response to a harmonic excitation of the plate. The power spectrum of this time response is presented in Figure 7 (b). It shows that most of the energy transmitted by the external forcing at 34.4 Hz is transferred to a lower frequency at around 17.6 Hz. This frequency is very close to the experimentally identified modal frequency for mode w 1 . The experimental observations for this non-linear response show that as the forcing frequency is increased, the expected linear type response at the forcing frequency loses its stability. A completely different solution showing harmonics at the modal frequency and at twice the modal frequency (coinciding with the forcing frequency) appears around these frequency ranges. These characteristics match those of 1/2 subharmonic oscillations of mode w 1 Nayfeh, 2000) .
A similar behaviour can be seen for the experimental frequency response diagram measured at point P y for the response of mode w 2 , shown in Figure 8 . A dominant non-linear response is seen around 39 Hz, this is at twice the modal frequency of mode w 2 . This response was previously observed in Figure 6 , although its dominance is revealed in Figure 8 , showing an amplitude of response three times larger than the linear modal response of mode w 2 . Once more, the experimental results agree with the characteristics of a 1/2 subharmonic response of mode w 2 . Although other sub-and superharmonics were experimentally searched for, both at lower and higher frequencies, no others could be found for the chosen levels of forcing and the current plate configuration.
Low Order Model Formulation
The main focus of this work is to develop a low order model for the transverse non-linear dynamics of bistable composites confined to a stable state. Inspecting results from the associated linear eigenvalue problem, Equation (13), it is noticed that very few shape functions are required to almost completely span the subspace of the first few transverse displacement eigenvectors. In particular, for the transverse displacement modes (A, A) w 1 and (S, S) w 1 , virtually no coupling exists between in-plane and transverse terms as predicted by shallow shell theory. Furthermore, for these modes, it is possible to closely approximate each mode shape with only one shape function. Therefore, it is possible to treat these shape functions as eigenvectors of transverse displacement for modes (A, A) , that is, shape functions w (S, S) 0 , w (A, A) 1 , and w (S, S) 1 . Moreover, the previous discussion leading to an order reduction of the derived non-linear model corresponds closely to the results from the dynamic characterisation previously presented in the section 'Dynamic Response'. Thus, the solution for the transverse displacement w given by Equation (20) can be truncated keeping only the first three shape functions in the expansion, that is, w (0, 0) , w (1, 1) , and w (1, 0) corresponding to theoretical modes shapes w (S, S) 0 , w (A, A) 1 , and w (S, S) 1 , respectively. The truncated solution for the transverse displacement is thus written as follows:
where W (0, 0) (t), W (1, 1) (t), and W (1, 0) (t) and w (0, 0) (x, y), w (1, 1) (x, y), and w (1, 0) (x, y) are the time response coefficients and mode shapes for theoretical modes (S, S) w 0 , (A, A) w 1 , and (S, S) w 1 , respectively. Following the Galerkin procedure by substituting Equation (27) into Equation (26), integrating over the shell domain, and dropping vanishing coefficients, the following nonlinear ordinary differential equations are obtained: where the coefficients F are calculated using Equation (26) (28)- (30), the experimental observations for the response of the plate are employed. First, only interactions between experimental modes w 1 , w 3 and modes w 2 , w 3 , which correspond to theoretical modes (S, S) w 0 and (A, A) w 1 , with mode (S, S) w 1 are experimentally observed. Thus, all terms leading to other modal interactions are dropped. Second, only 1/2 subharmonic oscillations of modes w 1 and w 2 were observed in the response. Therefore, quadratic terms alone are kept in the equations to account for this dominant non-linear response (Balachandran and Nayfeh, 1991; Chen et al., 2001; Nayfeh, 1981) , allowing us to neglect cubic terms, which lead to 1/3 sub-and superharmonic oscillations not observed for the current configuration. This last simplification agrees with the previous theoretical and experimental studies of shells, where cubic terms have been neglected as the quadratic terms arising from the curvature dominate the response of such structures (Thomas et al., 2007) . Finally, the values of the nonlinear coefficients remaining in the governing equations are identified from the experimental frequency response diagrams. Now we can rewrite Equations (28)- (30) for a sinusoidal forcing in the centre of the plate to obtain the reduced set non-linear modal equations as follows:
where W (0, 0) (t) is the time response coefficient of the transverse displacement for mode w 1 with natural frequency v w 1 = 17.6 Hz, W (1, 1) (t) is the time response coefficient of the transverse displacement for mode w 2 with natural frequency v w 2 = 19.4 Hz, W (1, 0) (t) is the time response coefficient of the transverse displacement for mode w 3 with natural frequency v w 3 = 45.4 Hz, O is the forcing frequency, Q ij is the modal participation factor for mode w i given in Appendix C, a ij is the coefficient for the non-linear quadratic term for an interaction between modes (w i , w j ). The system of reduced Equations (31)- (33) gives the time response for the set of modes kept in the low order model. These equations are solved numerically to obtain simulated modal time functions for the transverse deflection. The complete solution is obtained by substituting the modal time functions along with the associated mode shapes obtained from Equation (13) in Equation (20).
Simulations and Model Validation
The reduced set of non-linear equations for the modal time responses given by Equations (31)-(33) is solved using a Runge-Kutta-type solver. The coefficients for the equations of motion are identified using experimental frequency response diagrams obtained as previously detailed in section 'Dynamic Response'. The parameters used in the simulations for Equations (31)- (33) are given in Table 3 . The numerical solution for the reduced set of equations in the derived model is used to calculate the simulated dynamic response of the bistable plate and compared with the experimental results. The simulated frequency response diagram for point P x is presented in Figure 6 in a solid line and compared with the experimental results shown by dots. It can be seen that the simulated results are in good agreement with the experimental results. In addition, a comparison between the experimental and simulated frequency response diagrams for point P y is shown in Figure 8 . As for point P x , a close quantitative and qualitative match is achieved.
Spatial Response Comparison
Experimental deflection shapes are obtained and compared to theoretical mode shapes. The experimental deflection shapes are obtained by exciting the plate with sinusoidal inputs for a forcing frequency equal to the frequency of the relevant modes. Additionally, deflection shapes for the ranges of subharmonic oscillations are also obtained. The measurements are performed for a range of forcing amplitudes between ½0:5, 5 N in both stable states for each of the dominant modes and subharmonic oscillations in order to detect possible amplitude-dependent deflection shapes. The experimental results for both stable states are virtually identical, and for illustration, we use those obtained for state one. A Polytec OFV056/3001 scanning laser vibrometer is used to acquire instant displacement for a grid of points on the bi-stable plate surface. The software provided by the laser vibrometer manufacturer is used to construct the deflection shapes. The algorithm obtains amplitude and phase information for each point on the grid. The displacement of these points is measured with respect to a plane (shown as a squared grid in Figures 9(a) and (b), 10(a) and (b), 11(a) and (b), 12 and 13), from which the deflected shapes can be inferred based on the assumption that the span-to-rise ratio is small (see Figure 1) . Figure 9 (a)-(d) shows the experimental and simulated mode shapes for mode w 1 . Comparing the measured deflection shape shown in Figure 9 (a) and (b) with the simulated mode shape in Figure 9 (c) and (d), a good qualitative match is achieved using the mode shapes from the linear associated problem. As in Figure 2 green. Experimental deflection shapes for higher levels of forcing for the dominant modes are obtained, however no amplitude-dependent behaviour is observed, hence these images are omitted. The mode shapes and the experimental deflection shapes for modes w 2 and w 3 are also compared in Figures 10 and 11 , respectively. For mode w 2 , the experimental deflection shape differs from the calculated mode shape. The observed mismatch may be explained by the effects added by the non-perfect support and small geometrical imperfections in the shape of shells, as a non-uniform curvature, which can largely alter the actual shape of the deflection (Amabili, 2008; Thomas et al., 2007) . The mismatch for the shape of mode w 2 is unimportant, given that its response shape is only relevant over a very narrow band of frequencies. Nevertheless, imperfections on the shape can be included in the modelling as explained by Amabili (2008) , however this is beyond the scope of this work.
For mode w 3 , very good agreement between the measured deflection shape and calculated mode shape is achieved as seen in Figure 11 . This is a very relevant result, since this mode dominates the dynamic behaviour in the frequency range of interest, which potentially allows us to use the model for morphing shape and vibration suppression control of bi-stable composites.
The deflection shapes for the subharmonic oscillations are also studied. Figure 12 shows the deflection shape for a forcing amplitude of 1 N and a forcing frequency of 34.8 Hz. For this level of forcing, no subharmonic response is observed, thus the measured shape matches that observed for mode w 3 , as it dominates the linear response in this range of frequencies. As the forcing amplitude is increased and the subharmonic instability is triggered, the plate response shows two dominant harmonics at the forcing frequency and at Figure 13(a) and (b) . In view of this, the actual deflection shape for the subharmonic response is assumed to be the weighted sum of the linear response dominated by mode w 3 , and the response due to the subharmonic resonance of mode w 1 . Inspecting Figures 12 and 13(b) , the deflection shape due to the response of the harmonic at the forcing frequency of the subharmonic oscillations shows the same shape as mode w 3 . On the other hand, the deflection shape due to the response of the harmonic at half the forcing frequency is slightly different showing no curvature with respect to the x -direction deviating from the deflection shape of w 1 , as can be seen by comparing Figures 9(a) and 13(a) . Hence, as the subharmonic oscillations are triggered, the deflection shape of the plate varies, resulting in an amplitude-dependent behaviour of the spatial response. In spite of this, the measured non-linear deflection shape behaviour is approximated by the model with the chosen mode shapes obtained from the associated linear problem, as explained in the following.
The time response of mode W (0, 0) when the subharmonic oscillations are triggered is non-zero, this condition can be written as follows:
where F 0 is the forcing amplitude and F sub w 1 is the forcing amplitude required to trigger the subharmonic oscillations for mode w 1 previously calculated in Arrieta et al. (2009) . Thus, for F 0 ! F sub w 1 , the total response for the subharmonic oscillations associated to mode w 1 is given by
as the response for W (1, 1) is negligible for this frequency range. The total response for the subharmonic oscillations associated to mode w 2 can be obtained following a similar procedure using the results for F sub w 2 given in Arrieta et al. (2009) . Equation (35) shows the ability of the derived model to qualitatively approximate the observed non-linear deflection shape behaviour.
Conclusion
A mathematical model to capture the dynamic response of bi-stable composite plates is derived using classical non-linear shell theory. Modal equations for the time response and associated mode shapes are combined to obtain the full response for the transverse displacement following a Rayleigh-Ritz-Galerkin approach. The number of modes in the general model is reduced based on theoretical results from the associated linear problem to obtain a low order model for the dynamics of bi-stable composites. Theoretical results are employed to further simplify the model retaining only relevant non-linear terms. The values of these nonlinear terms are identified from experimental frequency response diagrams. Accurately approximating the values of the relevant non-linear coefficients from first principles is an ongoing area of work. The reduced model is validated comparing simulated results to the experimental response of a bi-stable plate test specimen. The experimentally observed subharmonic oscillations are modelled accurately with the nonlinearities kept in the low order model. In addition, the calculated modal frequencies from the associated linear problem are in good agreement with the experimental results providing an upper frequency bound for each experimental mode.
Experimental deflection shapes are measured for the relevant modes of the plate and compared to theoretical mode shapes achieving good qualitative results. The deflection shapes for the subharmonic response ranges are also studied, revealing a quantitative change in deflection shape of the plate as these oscillations are triggered. The experimentally observed behaviour constitutes a rare bifurcation of the spatial response of a structure that deserves further investigation. This nonlinear behaviour in the shape of the deflection is approximately captured by the model. In addition, the frequency range of interest for morphing applications may be identified with the derived model by studying the symmetry of mode shapes with respect to the flat direction of bi-stable composites, since this yields the modes requiring less actuation effort to trigger snapthrough. This is an important design feature to be exploited for developing efficient morphing strategies and stability control to prevent undesired snap-through for bi-stable composite applications. 
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In-plane x -direction displacement v(x, y, t)
In-plane y -direction displacement w(x, y, t)
Out-of-plane direction displacement R 
Components of the Mass and Stiffness Matrices
The mass matrix M in Equation (13) is given by
where the coefficients are
The stiffness matrix K in Equation (13) is given by 
where the coefficients are written as Appendix C:
Orthogonality Conditions and Coefficients
The orthogonality conditions for sinusoidal functions used in Equations (25) and (26) 
The coefficients used in Equations (25) and (26) 
where the coefficient Q is defined as
w (a, b) (x, y)w (i, j) (x, y)w (m, n) (x, y) dydx, ð65Þ
